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Abstract
The dimension function Dψ of a band-limited wavelet ψ is bounded by n if its Fourier transform
is supported in [−(2n+2/3)π, (2n+2/3)π]. For each n ∈ N and for each ε, 0 < ε < δ = δ(n), we
construct a wavelet ψ with supp ψ̂ ⊆ [−(2n+2/3)π, (2n+2/3)π + ε] such that Dψ > n on a set of
positive measure, which proves that [−(2n+2/3)π, (2n+2/3)π] is the largest symmetric interval for
estimating the dimension function by n. This construction also provides a family of (uncountably
many) wavelet sets each consisting of infinite number of intervals.
 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
A wavelet is a function ψ ∈ L2(R) such that the system {ψj,k = 2j/2ψ(2j · −k):
j, k ∈ Z} forms an orthonormal basis for L2(R). Given a wavelet ψ of L2(R), there is
an associated function Dψ , called the dimension function of ψ , defined by
Dψ(ξ)=
∑
j1
∑
k∈Z
∣∣ψ̂(2j (ξ + 2kπ))∣∣2. (1)
A simple periodization argument shows that
∫ 2π
0 Dψ(ξ)dξ = 2π‖ψ‖22, if ψ ∈ L2(R).
So the function Dψ is well defined and is finite a.e. Observe that Dψ is 2π -periodic.
Lemarié [6,7] used this function to show that certain wavelets are associated with a
multiresolution analysis (MRA) of L2(R). Auscher [1] proved that if ψ is a wavelet,
then the function Dψ is the dimension of certain closed subspaces of the sequence
space l2(Z) (hence the name dimension function, a term coined by Guido Weiss). This
result in particular proves that Dψ is integer valued a.e. Gripenberg [4] and Wang [8],
independently, characterized all wavelets of L2(R) associated with an MRA. This well-
known characterization states that a wavelet ψ of L2(R) is associated with an MRA if and
only if Dψ = 1 a.e. The article [2] contains a characterization of all dimension functions.
A function is said to be band-limited if its Fourier transform is compactly supported. It
is easy to see that the dimension function of a band-limited wavelet is bounded.
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Proposition 1. Let n ∈N. If ψ is a wavelet such that supp ψ̂ ⊂ [−2nπ,2nπ], then Dψ  n
a.e.
The above proposition is not optimal. For example,Dψ is still bounded by 1 for wavelets
ψ such that supp ψ̂ ⊆ [−8π/3,8π/3], which is proved in [5] (see Section 3.4). The
authors of [3] constructed an example of a wavelet ψ with supp ψ̂ ⊆ [−8π/3,8π/3+ ε],
0 < ε < 2π/3, such that Dψ  2 a.e. on a set of positive measure, which shows that
[−8π/3,8π/3] is the largest symmetric interval for estimating the dimension function
by 1. A natural question to ask is whether there are optimal symmetric intervals to estimate
the dimension function by n, n  2. The following theorem sheds light to the above
question.
Theorem 1. Let n ∈N. If ψ is a wavelet such that ψ̂ is supported in [−(2n+2/3)π, (2n+2/
3)π], then Dψ  n a.e.
This result was also proved by Rzeszotnik and Speegle in an unpublished article. They
also proved that for every positive integer n and every ε, 0 < ε < δ(n), there exists an
MSF wavelet ψ such that supp ψ̂ ⊂ [−(2n+2/3)π, (2n+2/3)π + ε] and ‖Dψ‖∞ > n. This
shows that [−(2n+2/3)π, (2n+2/3)π] is the optimal symmetric interval for estimating the
dimension function by n. We thank Professor Guido Weiss for kindly providing the above
information to us. The purpose of this article is to construct such a wavelet explicitly. We
shall prove the following theorem in a constructive manner.
Theorem 2. For each n ∈ N and 0 < ε < δ = δ(n), there exists a wavelet ψ such that
supp ψ̂ ⊆ [−(2n+2/3)π, (2n+2/3)π + ε] and ‖Dψ‖∞ > n.
A wavelet ψ of L2(R) is said to be a minimally supported frequency (MSF) wavelet if
|ψ̂ | is the characteristic function of some measurable subset K of R. The associated set K
is called a wavelet set. A simple characterization of such sets is the following (see [5] for a
proof):
A set K ⊂ R is a wavelet set if and only if both the collections {K + 2kπ : k ∈ Z} and
{2jK: j ∈ Z} are partitions of R.
It is not always easy to construct wavelet sets satisfying desired properties. The concepts
of translation and dilation equivalence of subsets of R are useful for this purpose. A set
A ⊂ R is said to be 2π -translation equivalent to a set B ⊂ R if there exists a partition
{An: n ∈ Z} of A such that {Bn ≡ An + 2nπ : n ∈ Z} is a partition of B . Similarly, A is
said to be two-dilation equivalent to B if there exists another partition {A′n: n ∈ Z} of A
such that {B ′n ≡ 2nA′n: n ∈ Z} is a partition of B .
In view of the characterization of wavelet sets stated above, it is now clear that a
subset K of R is a wavelet set if and only if K is 2π -translation equivalent to some
interval of length 2π , K ∩ (0,∞) is two-dilation equivalent to [a,2a] for some a > 0,
and K ∩ (−∞,0) is two-dilation equivalent to [−2b,−b] for some b > 0.
2. Proofs of the theorems
Proof of Proposition 1. Let F(ξ)=∑j1 |ψ̂(2j ξ)|2. The condition on the support of ψ̂
implies that supp F ⊂ [−nπ,nπ]. Since the equality∑
j∈Z
∣∣ψ̂(2j ξ)∣∣2 = 1 for a.e. ξ ∈R
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is satisfied by every wavelet ψ , we have F  1. Therefore, we get F  χ[−nπ,nπ]. This
implies that
Dψ(ξ)=
∑
k∈Z
F(ξ + 2kπ)
∑
k∈Z
χ[−nπ,nπ](ξ + 2kπ)= n,
which proves the proposition. ✷
Proof of Theorem 1. Since the function Dψ is 2π -periodic, it is enough to prove that
if ψ satisfies the hypothesis, then Dψ(ξ)  n for ξ ∈ [−π,π]. For ξ ∈ [−π,π] we have
(2k − 1)π  ξ + 2kπ  (2k + 1) for all k ∈ Z.
(i) j = n. If k  2, then 2j (ξ + 2kπ)  2j (2k − 1)π = 2n(2k − 1)π  3 · 2nπ 
(2n+2/3)π . Similarly, if k −2, then 2n(ξ + 2kπ)−(2n+2/3)π . Hence, for j = n,
the only non-zero terms contributing to Dψ are for k =−1,0,1.
(ii) j  n+ 1. If k  1, then 2j (ξ + 2kπ) 2j (2k − 1)π  2n+1(2k − 1)π  2n+1π 
(2n+2/3)π . Similarly, if k  −1, then 2j (ξ + 2kπ)  −(2n+2/3)π . Hence, for j 
n+ 1, only contributing k to Dψ is k = 0.
Thus, we have
Dψ(ξ)=
n−1∑
j=1
∑
k∈Z
∣∣ψ̂(2j (ξ + 2kπ))∣∣2 + 1∑
k=−1
∣∣ψ̂(2n(ξ + 2kπ))∣∣2
+
∑
jn+1
∣∣ψ̂(2j ξ)∣∣2 (2)
=
n−1∑
j=1
∑
k∈Z
∣∣ψ̂(2j (ξ + 2kπ))∣∣2 + {∣∣ψ̂(2n(ξ − 2π))∣∣2 + ∣∣ψ̂(2n(ξ + 2π))∣∣2}
+
∑
jn
∣∣ψ̂(2j ξ)∣∣2. (3)
If ξ ∈ [−2π/3,2π/3], then 2n(ξ+2π) 2n ·4π/3= 2n+2π/3. Similarly, 2n(ξ−2π)
−(2n+2/3)π . So both the terms inside the curly bracket in (3) are zero, and we get
Dψ  (n − 1) + 1 = n. Now, if ξ ∈ [2π/3,π], then for all j  n + 1 we have 2j ξ 
2n+1 · 2π/3 = (2n+2/3)π . So the last sum in (2) is zero and again Dψ  n. In a similar
manner, it can be shown that Dψ  n if ξ ∈ [−π,−2π/3]. This finishes the proof. ✷
Proof of Theorem 2. The wavelets we construct to prove Theorem 2 are MSF wavelets so
that it suffices to construct the associated wavelet sets. In addition to proving the theorem,
this construction also provides an example of a family of wavelet sets which are union of
infinite number of intervals. We will treat the even and odd cases separately.
Case 1 (n is even). For a real number ε such that 0 < ε < δ = (2n+2/3(2n+2 − 1))π , let
Si , 1 i  6, be the following sets:
S1 =
[
−2
n+2
3
π,−2
n+2
3
π + ε
]
,
S2 =
[
−1
3
π + ε
2n+2
,−1
6
π
]
,
S3 =
[
2n+2
3
π + ε− 2π, 2
n+2
3
π − 5
3
π + ε
2n+2
]
,
S4 =
[
2n+2
3
π − 3
2
π,
2n+2
3
π − 7
6
π + ε
2n+3
]
,
S5 =
[
2n+2
3
π − π, 2
n+2
3
π − 2
3
π
]
,
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S6 =
[
2n+2
3
π − 2
3
π + ε, 2
n+2
3
π + ε
]
.
Define the sets X0, Y0, and Z0 as
X0 =
[
1
6
π + ε
2n+3
,
1
3
π − 1
2n+1
π + ε
2n+2
]
,
Y0 = 12n+2
(
S2 + 2 · 2
n+1 − 2
3
π
)
,
Z0 =
[
1
3
π − 1
3 · 2n+1π,
1
3
π − 1
3 · 2n+1π +
ε
2n+2
]
.
The parameter ε is chosen in a suitable manner to make the above sets non-empty. For
j  1, let the sets Xj , Yj , Zj be defined recursively as follows:
Pj = 12n+2
(
Pj−1 + 2 · 2
n+1 − 2
3
π
)
, j  1, P ∈ {X,Y,Z}.
By a routine calculation, we can easily verify the following facts:
(i) Pj ⊂ [π/6+ ε/2n+3,π/3], j  0, P ∈ {X,Y,Z}.
(ii) 2n+2Pj ⊂ [(2n+2/3)π − 7π/6+ ε/2n+3, (2n+2/3)π − π] for j  1, P ∈ {X,Y,Z}.
(iii) {Xj,Yj ,Zj : j  0} is a disjoint collection.
(iv) Xj lies to the left of Yj , and Yj lies to the left of Zj for j  0.
(v) Xj+1, Yj+1, Zj+1 lie between Yj and Zj , j  0.
Let
X =
⋃
j0
Xj, Y =
⋃
j0
Yj , Z =
⋃
j0
Zj ,
and
V =
[
2n+2
3
π − 7
6
π + ε
2n+3
,
2n+2
3
π − π
]∖{⋃
j1
2n+2(Xj ∪ Yj ∪Zj)
}
.
Now define
W =
( 6⋃
i=1
Si
)
∪ (X ∪ Y ∪Z)∪ V. (4)
Claim. W is a wavelet set.
Translation equivalence. We will show that W is translation equivalent to the interval
[(2n+2/3)π + ε− 2π, (2n+2/3)π + ε] of length 2π . Note that
S3 ∪
(
S2 + 2 · 2
n+1 − 2
3
π
)
∪ S4 =
[
2n+2
3
π + ε − 2π, 2
n+2
3
π − 7
6
π + ε
2n+3
]
and
S5 ∪
(
S1 + 2 · 2
n+2 − 1
3
π
)
∪ S6 =
[
2n+2
3
π − π, 2
n+2
3
π + ε
]
.
Now,
(X ∪ Y ∪Z)+ 2 · 2
n+2 − 1
3
π
=
⋃
j0
{(
Xj + 2 · 2
n+1 − 2
3
π
)
∪
(
Yj + 2 · 2
n+1 − 2
3
π
)
∪
(
Zj + 2 · 2
n+1 − 2
3
π
)}
=
⋃
j0
2n+2(Xj+1 ∪ Yj+1 ∪Zj+1)=
⋃
j1
2n+2(Xj ∪ Yj ∪Zj).
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Therefore, by the definition of V
V ∪
{
(X ∪ Y ∪Z)+ 2 · 2
n+1 − 2
3
π
}
=
[
2n+2
3
π − 7
6
π + ε
2n+3
,
2n+2
3
π − π
]
.
Observe that ((2n+1 − 2)/3)π and ((2n+2 − 1)/3)π are integers, since n is even. We
have proved that appropriate translations of the partition of W in (4) form a partition of
the interval [(2n+2/3)π + ε − 2π, (2n+2/3)π + ε]. So W is translation equivalent to this
interval.
Dilation equivalence. It is enough to show that W ∩ (−∞,0) and W ∩ (0,∞)
are dilation equivalent to the intervals [−(2n+2/3)π,−(2n+1/3)π] and [(2n+1/3)π +
ε/2, (2n+2/3)π + ε], respectively.
S1 ∪
(
2n+2S2
)= [−2n+2
3
π,−2
n+1
3
π
]
,
(
2n+2X0
)∪ S3 ∪ (2n+2Y0)∪ S4 = [2n+13 π + ε2 , 2n+23 π − 76π + ε2n+3
]
,
S5 ∪
(
2n+2Z0
)∪ S6 = [2n+23 π − π, 2n+23 π + ε
]
,{
2n+2
(⋃
j1
(Xj ∪ Yj ∪Zj)
)}
∪ V =
[
2n+2
3
π − 7
6
π + ε
2n+3
,
2n+2
3
π − π
]
.
Hence, W is a wavelet set.
Case 2 (n is odd). This case is dealt in a similar manner, but we have to start with different
sets. For 0 < ε < (2n+2/(3(2n+2 − 1)))π , let the sets S1, S2 be as above. Define
S3 =
[
2n+2
3
π + ε− 2π, 2
n+2
3
π − 4
3
π
]
,
S4 =
[
2n+2
3
π − 4
3
π + ε, 2
n+2
3
π − π + ε
2n+2
]
,
S5 =
[
2n+2
3
π − 5
6
π,
2n+2
3
π − 1
2
π + ε
2n+3
]
,
S6 =
[
2n+2
3
π − 1
3
π,
2n+2
3
π + ε
]
.
Let
X0 =
[
1
6
π + ε
2n+3
,
1
3
π − 1
2n+1
π + ε
2n+2
]
,
Y0 =
[
1
3
π − 1
3 · 2n π,
1
3
π − 1
3 · 2n π +
ε
2n+2
]
,
Z0 = 12n+2
(
S2 + 2 · 2
n+1 − 1
3
π
)
.
In this case also, the choice of ε ensures that the above sets are non-empty. Define the sets
X, Y , and Z as in Case 1. Let
V =
[
2n+2
3
π + ε
2n+3
− 1
2
π,
2n+2
3
π − 1
3
π
]∖{⋃
j1
2n+2(Xj ∪ Yj ∪Zj)
}
and let W be defined by (4).
As in the case when n is even, to show that W is a wavelet set, we show the
translation equivalence of W with the interval [(2n+2/3)π + ε − 2π, (2n+2/3)π + ε];
and the dilation equivalence of W ∩ (−∞,0) and W ∩ (0,∞) with the intervals
[−(2n+2/3)π,−(2n+1/3)π] and [(2n+1/3)π + ε/2, (2n+2/3)π + ε], respectively.
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To see the translation equivalence, observe that
S3 ∪
(
S1 + 2 · 2
n+2 − 2
3
π
)
∪ S4 ∪
(
S2 + 2 · 2
n+1 − 1
3
π
)
∪ S5
=
[
2n+2
3
π + ε− 2π, 2
n+2
3
π + ε
]
,
S6 =
[
2n+2
3
π − 1
3
π,
2n+2
3
π + ε
]
.
It can be shown, in a manner similar to Case 1, that
V ∪
{
(X ∪ Y ∪Z)+ 2 · 2
n+1 − 1
3
π
}
=
[
2n+2
3
π − 1
2
π + ε
2n+3
,
2n+2
3
π − 1
3
π
]
.
For dilation equivalence, we observe
S1 ∪
(
2n+2S2
)= [−2n+2
3
π,−2
n+1
3
π
]
,(
2n+2X0
)∪ S3 ∪ (2n+2Y0)∪ S4 ∪ (2n+2Z0)∪ S5
=
[
2n+1
3
π + ε
2
,
2n+2
3
π − 1
2
π + ε
2n+3
]
,
S6 =
[
2n+2
3
π − 1
3
π,
2n+2
3
π + ε
]
,{
2n+2
(⋃
j1
(Xj ∪ Yj ∪Zj)
)}
∪ V =
[
2n+2
3
π − 1
2
π + ε
2n+3
,
2n+2
3
π − 1
3
π
]
.
Hence, in this case also we have proved that W is a wavelet set.
By defining ψ̂ = χW , we get a wavelet ψ such that ψ̂ is supported in [−(2n+2/3)π,
(2n+2/3)π + ε], since W is a subset of this interval.
Finally, to complete the proof of Theorem 2, we have to show that ‖Dψ‖∞ > n, where
ψ̂ = χW . We prove Dψ(ξ) n+ 1 for a.e. ξ ∈ [2π/3,2π/3+ (ε/2n+1)].
For 1 j  n+ 1, let kj = (2(n+1−j)− 1)/3 and lj =−(2(n+1−j)+ 1)/3. Observe that
kj is an integer if n− j is odd, and lj is an integer when n− j is even.
Let ξ ∈ [2π/3,2π/3 + ε/2n+1]. If n is even, then for j = 1,3, . . . , n + 1 we have
2j (ξ + 2kjπ) = 2j (ξ − 2π/3) + (2n+2/3)π ∈ [(2n+2/3)π, (2n+2/3)π + ε] ⊂ S6. Also,
for j = 2,4,6, . . . , n, 2j (ξ + 2ljπ) ∈ [−(2n+2/3)π,−(2n+2/3)π + ε] = S1. Similarly, if
n is odd, then 2j (ξ + 2kjπ) ∈ [(2n+2/3)π, (2n+2/3)π + ε] if j = 2,4,6, . . . , n+ 1, and
2j (ξ + 2ljπ) ∈ [−(2n+2/3)π,−(2n+2/3)π + ε] if j = 1,3,5, . . . , n.
In each case, there are n+ 1 different pairs of (j, k), with j  1 and k ∈ Z, such that
2j (ξ + 2kπ) is contained in W which is the support of ψ̂ . Each such pair will contribute 1
to the sum Dψ(ξ) defined in (1). Therefore, ‖Dψ‖∞  n+ 1. ✷
References
[1] P. Auscher, Solution of two problems on wavelets, J. Geom. Anal. 5 (1995) 181–236.
[2] M. Bownik, Z. Rzeszotnik, D. Speegle, A characterization of dimension functions of wavelets, Appl. Comput.
Harmon. Anal. 10 (2001) 71–92.
[3] L. Brandolini, G. Garrigós, Z. Rzeszotnik, G. Weiss, The behaviour at the origin of a class of band-limited
wavelets, Contemp. Math. 247 (1999) 75–91.
[4] G. Gripenberg, A necessary and sufficient condition for the existence of a father wavelet, Studia Math. 114
(1995) 207–226.
[5] E. Hernandez, G. Weiss, A First Course on Wavelets, CRC Press, Boca Raton, 1996.
[6] P.G. Lemarié-Rieusset, Existence de “fonction-pere” pour les ondelettes support compact, C.R. Acad. Sci.
Paris Ser. I 314 (1992) 17–19.
[7] P.G. Lemarié-Rieusset, Sur l’existence des analyses multi-résolutions en théorie des ondelettes, Rev. Mat.
Iberoamericana 8 (1992) 457–474.
[8] X. Wang, The study of wavelets from the properties of their Fourier transforms, PhD thesis, Washington
University, St. Louis, 1995.
